SELMER GROUPS AND ANTICYCLOTOMIC Zp -EXTENSIONS
AHMED MATAR

Abstract. Let E/Q be an elliptic curve, p a prime and K∞ /K the anticyclotomic Zp -extension of a quadratic imaginary field K satisfying the Heegner
hypothesis. In this paper we give a new proof to a theorem of Bertolini which
determines the value of the Λ-corank of Selp∞ (E/K∞ ) in the case where E
has ordinary reduction at p. In the case where E has supersingular reduction
at p we make a conjecture about the structure of the module of Heegner points
mod p. Assuming this conjecture we give a new proof to a theorem of Ciperiani which determines the value of the Λ-corank of Selp∞ (E/K∞ ) in the case
where E has supersingular reduction at p.

1. Introduction
Let E be an elliptic curve of conductor N defined over Q and let K be an
imaginary quadratic field with discriminant dK 6= −3, −4 such that all the primes
dividing N split in K/Q. We will denote the class number of K by hK . Now suppose
p ≥ 5 is a prime not dividing N dK hK ϕ(N dK ) (together with some additional
restrictions listed in section 2.1).
Let K∞ /K be the anticylotomic Zp -extension of K, Γ = Gal(K∞ /K) and Kn
the unique subfield of K∞ containing K such that Gal(Kn /K) ∼
= Z/pn Z.
∞
For any n we let Selp∞ (E/Kn ) denote the p -Selmer group of E over Kn defined
by
Y
0 −→ Selp∞ (E/Kn ) −→ H 1 (Kn , E[p∞ ]) −→
H 1 (Kn,v , E)[p∞ ]
v
∞

We also define the p -Selmer group of E over K∞ as Selp∞ (E/K∞ ) =
lim Selp∞ (E/Kn ).
−→
Now let Tp Selp∞ (E/Kn ) be the p-adic Tate module of Selp∞ (E/Kn ). We will also
be interested in the pro-p Selmer group of E over K∞ defined as Xp∞ (E/K∞ ) =
lim Tp Selp∞ (E/Kn ) where the inverse limit is taken over n with respect to the
←−
corestriction maps.
Finally, let Λ = Zp [[Γ]] be the Iwasawa algebra attached to K∞ /K. Fixing a
topological generator γ ∈ Γ allows us to identify Λ with the power series ring Zp [[T ]].
Throughout most of the paper we work “mod p” and so we will also consider the
“mod p” Iwasawa algebra Λ = Λ/pΛ = Fp [[T ]].
Let π : X0 (N ) → E be a modular parametrization of E which maps the cusp ∞
of X0 (N ) to the origin of E and let E 0 be a strong Weil curve in the isogeny class
of E, i.e. there exists a modular parametrization π 0 : X0 (N ) → E 0 which maps the
cusp ∞ of X0 (N ) to the origin of E 0 such that the induced map π∗0 : J0 (N ) → E 0
has a geometrically connected kernel.
Choosing an ideal N of OK such that OK /N ∼
= Z/N Z allows us to define a
family of Heegner points αn ∈ E(Kn ) using the modular parametrization π and a
1
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family of Heegner points αn0 ∈ E 0 (Kn ) using the modular parametrization π 0 (see
section 2). We will make the following conjecture
Conjecture 1.1. Assume that p splits in K/Q and E has good supersingular reduction at p then the Γ-submodule of E 0 (K∞ )/p generated by the Heegner points
αn0 has Λ-corank greater than or equal to two.
We will give strong evidence in support of this conjecture. See theorem 4.1 and
the remarks following it.
In section 3 we will give a new proof to the following theorem of Bertolini [1]
Theorem A. Assume that E has good ordinary reduction at p, then Selp∞ (E/K∞ )
has Λ-corank equal to 1 and Xp∞ (E/K∞ ) is a free Λ-module of rank 1.
In section 4 we will prove the following theorem
Theorem B. Assume that p splits in K/Q, E has good supersingular reduction
at p and conjecture 1.1 is true, then Selp∞ (E/K∞ ) has Λ-corank equal to 2 and
Xp∞ (E/K∞ ) = {0}
The fact that Selp∞ (E/K∞ ) has Λ-corank equal to 2 when both E has good
supersingular reduction at p and p splits in K/Q was proven by Ciperiani [6].
However, assuming the above conjecture, our proof of this fact will be different.
Regarding the two theorems above, we should note that neither Bertolini nor
Ciperiani require that p does not divide ϕ(N dK ) whereas we assume it for our
proof.
Our proofs to Theorems A and theorem 4.1 in section 4 (the latter theorem
gives strong evidence supporting conjecture 1.1) very much rely on the work of
Cornut ([10] Theorem B) which proves that if p - ϕ(N dK ) then the Fp -vector span
of {σ(αn0 ) ⊗ 1 | σ ∈ Gal(K∞ /K) and n ≥ 0} ⊂ E 0 (K∞ ) ⊗ Fp has infinite dimension.
Our method of proof is an adaptation of the technique of Bertolini and Darmon
[2] to our Iwasawa theoretic setting. As mentioned above, throughout most of the
paper will work with the “mod p” Iwasawa algebra Λ = Fp [[T ]].
Specifically, we let Xp (E/K∞ ) = Xp∞ (E/K∞ )/p. We will show in the ordinary
case (theorem A) that the Λ-rank of Xp (E/K∞ ) is less than or equal to one and in
the supersingular case (theorem B) that Xp (E/K∞ ) = {0}. It then follows in the
ordinary case that the Λ-rank of Xp∞ (E/K∞ ) is also less than or equal to one and
in the supersingular case that Xp∞ (E/K∞ ) = {0}.
pn
Let us now define Yp∞ (E/K∞ ) = lim Tp Selp∞ (E/K∞ )Γ where the inverse limit
←−
is taken over n with respect to the norm maps.
The control theorem in section 2.3 in the ordinary case (which is an easy consequence of Mazur’s control theorem) gives that the restriction maps induce an iso∼
morphism Xp∞ (E/K∞ ) −
→
Yp∞ (E/K∞ ). But then as we will explain in section 2.3
Yp∞ (E/K∞ ) is a free Λ-module whose rank is equal to the Λ-corank Selp∞ (E/K∞ ).
This together with the simple observation that the Λ-corank of Selp∞ (E/K∞ ) is
greater than or equal to one will prove theorem A.
In the supersingular case the control theorem in section 2.3 gives that the restriction maps induce an injection Xp∞ (E/K∞ ) ,→ Yp∞ (E/K∞ ) with cokernel of
Λ-rank less than or equal to two. Since Xp∞ (E/K∞ ) = {0} we get that the Λ-rank
of Yp∞ (E/K∞ ) is less than or equal to two. It then follows that the Λ-corank of
Selp∞ (E/K∞ ) is also less than or equal to two since it is equal to the Λ-rank of
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Yp∞ (E/K∞ ). But by a well-known result in the supersingular case we know that
the Λ-rank of Selp∞ (E/K∞ ) is greater than or equal to two. This then proves
theorem B.
2. Preliminaries
2.1. Notation and Assumptions. First we list the assumptions we need for theorems A and B. As in the introduction, E is an elliptic curve of conductor N defined
over Q and K be an imaginary quadratic field with discriminant dK 6= −3, −4 such
that all the primes dividing N split in K/Q. We will denote the class number
of K by hK . Throughout the paper we assume that p ≥ 5 is a prime such that
p - N dK hK ϕ(N dK ). We will also assume that Gal(Q(E[p])/Q) = GL2 (Fp ). Assuming E has no complex multiplication this excludes a finite number of primes by
a theorem of Serre [21]. In addition to these assumptions we further asuume the
following for theorems A and B.
For theorem A we assume:
(1)
(2)
(3)
(4)

E has good ordinary reduction at p
p - E(Fp )
ap 6≡ −1 (mod p) if p is inert in K/Q
ap 6≡ 2 (mod p) if p splits in K/Q

For theorem B we assume:
(1) p splits in K/Q
(2) E has good supersingular reduction at p
Regarding the assumptions for theorem A, lets assume that p splits in K/Q.
Then if p > 7, conditions (1), (2) and (4) are equivalent to ap 6= 0, 1, 2 by the Hasse
bound on ap . As explained in [1] pg. 166 the set of primes p such that ap 6= 0, 1, 2
has density 1 . We get a similar conclusion when p is inert in K/Q.
We will now explain the notation that we will use throught the paper. We fix a
complex conjugation τ on Q (the algebraic closure of Q). Given a Z[ 21 ][τ ]-module
M , we have a decomposition M = M + ⊕ M − where M + and M − denotes the
submodule on which τ acts as +1, respectively −1. Also, if x ∈ M and X ⊂ M ,
we let
x± =

1
(x ± τ x)
2

X ± = {x± | x ∈ X}
For any m we let K[m] denote the ring class field of K of conductor m. Let
K[p∞ ] = ∪n≥1 K[pn ]. Then Gal(K[p∞ ]/K) is isomorphic to Zp × ∆, where ∆ is a
finite abelian group. The unique Zp -extension that is contained in K[p∞ ]/K is the
anticyclotomic Zp -extension of K which we will denote by K∞ /K. We let Kn be
the subextension of K∞ of degree pn over K.
Let Γ = Gal(K∞ /K). We will write Γn for the Galois group Gal(K∞ /Kn ) =
n
Γp , Gn for the Galois group Gal(Kn /K) = Γ/Γn and Rn for the group ring Fp [Gn ].
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We let Λ = Zp [[Γ]] be the Iwasawa algebra attached to K∞ /K. Fixing a topological generator γ ∈ Γ allows us to identify Λ with the power series ring Zp [[T ]].
We will also work with the “mod p” Iwasawa algebra Λ = Λ/pΛ = Fp [[T ]]. Note
that Λ is a PID.
Let us now define the Selmer groups we will be working with: If L/Q is any
algebraic extension we let Selp∞ (E/L) denote the p∞ -Selmer group of E over L
defined by
Y
0 −→ Selp∞ (E/L) −→ H 1 (L, E[p∞ ]) −→
H 1 (Lv , E)[p∞ ]
v

We will also be working with the p-Selmer group Selp (E/L) defined by
0 −→ Selp (E/L) −→ H 1 (L, E[p]) −→

Y

H 1 (Lv , E)[p]

v

Finally, if ` is a rational prime and F is a number field we define
E(F` )/p := ⊕λ|` E(Fλ )/p
H 1 (F` , E[p]) := ⊕λ|` H 1 (Fλ , E[p])
H 1 (F` , E)[p] := ⊕λ|` H 1 (Fλ , E)[p]
where the sum is taken over all primes of F dividing `.
With this notation we let res` be the localization map:
res` : E(F )/p → E(F` )/p
res` : H 1 (F, E[p]) → H 1 (F` , E[p])
res` : H 1 (F, E)[p] → H 1 (F` , E)[p]
If F = Kn , with the above notation we let Kn,` denote F` .
We will frequently write lim (resp. lim) for lim (resp. lim) as our limits are
−→
←−
−→
←
−
n
n
taken over n.
2.2. Heegner points and Kolyvagin classes. We fix a modular parametrization
π : X0 (N ) → E which maps the cusp ∞ of X0 (N ) to the origin of E (see [24] and
[4]) We have assumed that every prime dividing N splits in K/Q. It follows that
we can choose an ideal N such that OK /N ∼
= Z/N Z. Let m be an integer that is
relatively prime to N dK and let Om = Z + mOK be the order of conductor m in
K. The ideal Nm = N ∩ Om satisfies Om /Nm ∼
= Z/N Z and therefore the natural
projection of complex tori:
−1
C/Om → C/Nm

is a cyclic N -isogeny, which corresponds to a point of X0 (N ). Let α[m] be its image
under the modular parametrization π. From the theory of complex multiplication
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we have that α[m] ∈ E(K[m]) where K[m] is the ring class field of K of conductor
m.
Then as we have assumed throughout the paper that the class number of K is
not divisible by p, it follows for any n that K[pn+1 ] is the ring class field of minimal
conductor that that contains Kn . We now define αn ∈ E(Kn ) to be the trace from
K[pn+1 ] to Kn of α[n].
Let Rn αn denote the Rn -submodule of H 1 (Kn , E[p]) generated by the image of
αn under the Kummer map
E(Kn ) → H 1 (Kn , E[p])
We have that E(K∞ [p∞ ]) = {0} by corollary 2.4 of the next section. This implies
that the restriction map for m ≥ n
H 1 (Kn , E[p]) → H 1 (Km , E[p])
is injective and therefore allows us to view Rn αn as a submodule of H 1 (Km , E[p]).
From section 3.3 of [20] we have
(

TrK1 /K (α1 ) = (ap − a−1
p (p + 1))α0

if p is inert in K/Q

TrK1 /K (α1 ) = (ap − (ap − 2)−1 (p − 1))α0
TrKn+1 /Kn (αn+1 ) = ap αn − αn−1

if p splits in K/Q

for n ≥ 1

(1)

(2)

In the ordinary case (theorem A), our assumptions together with (1) and (2) allow
us to conclude that (see [1] prop 2.1.4) TrKn+1 /Kn (αn+1 ) = uαn for some unit
u ∈ Rn . This implies that Rn αn ⊂ Rn+1 αn+1 .
In the supersingular case (theorem B), the fact that E has supersingular reduction at p and p ≥ 5 implies that ap = 0 so (2) becomes TrKn+1 /Kn (αn+1 ) = −αn−1 .
This then implies that Rn αn ⊂ Rn+2 αn+2 .
As in [7] section 2.5.1, we now describe the construction of Kolyvagin classes
over ring class fields following [2]. However, we should note that our definition of
Kolyvagin classes differs slightly from the one in [7] and [1]. First let us make the
following definition
Definition 2.1. A rational prime ` is called a Kolyvagin prime if
(i) ` is relatively prime to pN dK
(ii) Frob` (K(E[p])/Q) = [τ ]
Let r be a squarefree product of Kolyvagin primes. For any n let Kn [r] denote
the field Kn K[r]. We now define αn (r) to be the trace of α[rpn+1 ] from K[rpn+1 ]
to Kn [r].
Let Gn,r = Q
Gal(Kn [r]/Kn [1]) and let Gn,` = Gal(Kn [`]/Kn [1]). By class field
theory Gn,r = `|r Gn,` and Gn,` is cyclic of order ` + 1. Let σ` be a generator of
P`
Q
Gn,` . Define D` := i=1 iσ`i ∈ Z/pZ[Gn,` ] and Dr := `|r D` ∈ Z/pZ[Gn,r ]. Then
one can show that Dr αn (r) belongs to (E(Kn [r]/p))Gn,r (see [2] lemma 3.3). It
follows that TrKn [1]/Kn Dr αn (r) ∈ (E(Kn [r])/p)Gn ,r where Gn,r = Gal(Kn [r]/Kn ).
Now consider the commutative diagram
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0

H 1 (Kn [r]/Kn , E)[p]
inf

/ E(Kn )/p

0


/ (E(Kn [r])/p)Gn,r

res

φr


/ H 1 (Kn , E)[p]

/ H 1 (Kn , E[p])
˜

0

φ


/ H 1 (Kn [r], E[p])Gn,r

/0

res


/ H 1 (Kn [r], E)[p]Gn,r
(3)

Let cn (r) ∈ H 1 (Kn , E[p]) be so that
φr (TrKn [1]/Kn Dr αn (r)) = Res(cn (r))
and let dn (r) be the image of cn (r) in H 1 (Kn , E)[p]. Note that cn (1) = φ(αn )
These Kolyvagin classes have the following properties:
(1) Let − denote the sign of the functional equation of the L-function of E/Q,
fr be the number of prime divisors of r and τ . We have τ αn = g in,1 αn +βn
with βn ∈ E(Kn )tors , g a generator of Gal(K∞ /K) and in,1 ∈ {0, ..., pn −
1}. Moreover, τ acts on H 1 (Kn , E[p]) and we can deduce that τ cn (r) =
r g in,r cn (r) where r = (−1)fr  and in,r ∈ {0, ..., pn − 1}.
(2) If v is a rational prime that does not divide r, then dn (r)vn = 0 in
H 1 (Kvn , E)[p] for all primes of Kn vn |v.
(3) If `|r, there exists a Gn -equivariant and a τ -antiequivariant isomorphism:
ψn,` : H 1 (Kn,` , E)[p] → E(Kn,` )/p
such that ψn,` (res` dn (r)) = res` (cn (r/`)).
If we let resn denote the restriction maps H 1 (Kn,` , E)[p] →
H 1 (Kn+1,` , E)[p] and E(Kn,` )/p → E(Kn+1,` )/p, then we have
ψn+1,` ◦ resn = resn ◦ψn,` .
(4) In the ordinary case, just as Rn αn ⊂ Rn+1 αn+1 we also have Rn cn (r) ⊂
Rn+1 cn+1 (r) and Rn dn (r) ⊂ Rn+1 dn+1 (r).
In the supersingular case, just as Rn αn ⊂ Rn+2 αn+2 we also have
Rn cn (r) ⊂ Rn+2 cn+2 (r) and Rn dn (r) ⊂ Rn+2 dn+2 (r).
We end this section with the following proposition. Just as in [15] prop. 3.7 we
have
Proposition 2.2. Every prime λ`m of Kn [`m] above ` lies above a unique prime
λm of Kn [m] and we have αn (`m) ≡ Frob(λm /`)αn (m) mod λ`m
2.3. Preliminary Results. In this section, we collect some preliminary results
that will be used in the proofs of theorems A and B. First we have the following
important lemma
Lemma 2.3. The extensions Q(E[p])/Q and K∞ /Q are linearly disjoint. In particular, Gal(Kn (E[p])/Kn ) is isomorphic to GL2 (Fp ) for any n
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Proof. First we show that Q(E[p])/Q and K/Q are disjoint: the extension
Q(E[p])/Q is ramified only at primes dividing N p. This implies that the intersection of Q(E[p]) and K is an unramified extension of Q and therefore must be Q
itself. Therefore Q(E[p])/Q and K/Q are disjoint and we have Gal(K(E[p])/K) =
Gal(Q(E[p])/Q) = GL2 (Fp ).
Now we show that K(E[p])/K and K∞ /K are disjoint. If they were not disjoint
then Gal(K(E[p])/K) = GL2 (Fp ) would have a normal subgroup N of index p. As
SL2 (Fp ) has index p − 1 in GL2 (Fp ), therefore by order considerations we must
have that N ∩ SL2 (Fp ) is a subgroup of SL2 (Fp ) of both order and index greater
than 2. But this is impossible as P SL2 (Fp ) is simple for p ≥ 5.

Corollary 2.4. We have E(K∞ )[p∞ ] = {0}
Now for any n and any rational prime `, local Tate duality gives a non-degenerate
pairing (see [15] prop. 7.5)
h , i` : E(Kn,` )/p × H 1 (Kn,` , E)[p] → Fp

(4)

This identifies H 1 (Kn,` , E)[p] with (E(Kn,` )/p)dual .
Moreover, if a ∈ E(Kn+1,` )/p and b ∈ H 1 (Kn,` , E)[p], then a property of Tate
local duality gives hcores a, bi = ha, res bi where
res : H 1 (Kn,` , E)[p] → H 1 (Kn+1,` , E)[p]
is the restriction map and
cores : E(Kn+1,` )/p → E(Kn,` )/p
is the corestriction map (the norm map). Therefore Tate local duality induces an
isomorphism
lim H 1 (Kn,` , E)[p] ∼
E(Kn,` )/p)dual
= (lim
−→
←−

(5)

where the direct limit is taken over n with respect to the restriction maps and the
inverse limit is taken over n with respect to the corestriction maps.
The p-Selmer group Selp (E/Kn ) consists of the cohomology classes s ∈
H 1 (Kn , E[p]) whose restrictions resv (s) ∈ H 1 (Kn,v , E[p]) belong to E(Kn,v )/p for
all primes v of Kn , where we view E(Kn,v )/p as a subspace of H 1 (Kn,v , E[p]) using
the Kummer sequence
0 −→ E(Kn,v )/p −→ H 1 (Kn,v , E[p]) −→ H 1 (Kn,v , E)[p] −→ 0
Therefore we have a map
res` : Selp (E/Kn ) → E(Kn,` )/p

(6)

Let Tp Selp∞ (E/Kn ) denote the p-adic Tate module of Selp∞ (E/Kn ). We now define
Xp∞ (E/K∞ ) := lim Tp Selp∞ (E/Kn ) where the inverse limit is taken over n with
←−
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respect to the corestriction maps. We will denote Xp∞ (E/K∞ )/p by Xp (E/K∞ ).
∼
By corollary 2.4 for any n we have an isomorphism Selp (E/Kn ) −→
Selp∞ (E/Kn )[p].
This allows us to view Xp (E/K∞ ) as being a subgroup of lim Selp (E/Kn ). We will
←−
use this fact throughout the paper.
The map res` then induces a map
res` : Xp (E/K∞ ) → lim E(Kn,` )/p
←−

(7)

Dualizing this map and using the isomorphism (5) above we get a map
ψ` : lim H 1 (Kn,` , E)[p] → Xp (E/K∞ )dual
−→
Recall that Λ denotes the “mod p” Iwasawa algebra Λ/pΛ = Fp [[T ]]. Our goal in
theorems A and B is to determine the Λ-rank of Xp (E/K∞ ) This will be done by
determining the Λ-corank of the image of Ψ` for various primes `. To do this we
will need the following important observation
Proposition 2.5. If ` is a Kolyvagin prime, then lim H 1 (Kn,` , E)[p] is a cofree
−→
Λ-module of rank 2
Proof. As ` is inert in K/Q and ` 6= p, it follows that ` splits completely in
the anticyclotomic Zp -extension K∞ /K and so the submodule of Γn -invariants
of lim H 1 (Kn,` , E)[p] is equal to H 1 (Kn,` , E)[p] which is isomorphic to the dual of
−→
E(Kn,` )/p = ⊕λn |` E(Kn,λn )/p by local Tate duality. For any λn |` we have by Mattuck’s theorem that E(Kn,λn ) ∼
= Z2` × T where T is a finite group. This together
with the fact that ` splits in K(E[p])/K implies that E(Kn,λn )/p = Z/pZ × Z/pZ
and so the submodule of Γn -invariants of lim H 1 (Kn,` , E)[p] has Fp -dimension 2pn
−→
which implies that the Λ-corank of lim H 1 (Kn,` , E)[p] is equal to 2. It also follows
−→
that lim H 1 (Kn,` , E)[p] is cofree as a Λ-module, for if it were not cofree the its sub−→
module of Γ-invariants would have Fp -dimension 2p + c for some positive integer
c.

Now for any n let Ln = Kn (E[p]) and Gn = Gal(Ln /Kn ) which is isomorphic to
GL2 (Fp ) by lemma 2.3. Then we have the following proposition ([15] prop. 9.1)
Proposition 2.6. The restriction map induces an isomorphism:
∼
res : H 1 (Kn , E[p]) −
→
H 1 (Ln , E[p])Gn = HomGn (Gal(Q/Ln ), E[p])

From the above proposition we get a pairing
[ , ] : H 1 (Kn , E[p]) × Gal(Q/Ln ) → E[p]

(8)

Now assume that Sn ⊂ H 1 (Kn , E[p]) is a finite subgroup. Let GalSn (Q/Ln ) be the
subgroup consisting of ρ ∈ Gal(Q/Ln ) such that [s, ρ] = 0 for all s ∈ Sn and let
LSn be the fixed field of GalSn (Q/Ln ). Then LSn /Kn is a finite Galois extension
and the above pairing induces a nondegenerate pairing
[ , ] : Sn × Gal(LSn /Ln ) → E[p]
We have the following lemma

(9)
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Lemma 2.7. The extensions LSn /Kn and K∞ /Kn are disjoint
Proof. By lemma 2.3 the extensions Ln /Kn and K∞ /Kn are disjoint. Therefore
we have that Gal(Ln K∞ /Ln ) ∼
= Gal(K∞ /Kn ). We now show that Ln K∞ /Ln and
LSn /Ln are disjoint. If they were not disjoint then Gal(LSn /Ln ) would a have a
quotient of order p on which Gn acts trivially. But Gal(LSn /Ln ) ∼
= E[p]r where
r = dimFp Sn is a semisimple Gn -module (see [15] prop. 9.3). Therefore any quotient
of Gal(LSn /Ln ) is isomorphic to E[p]s for some s ≤ r ([3] cor. 4.3) so LSn /Ln and
Ln K∞ /Ln are indeed disjoint which completes the proof.

We now assume that for some n0 we have a finite subgroup Sn0 ⊂ H 1 (Kn0 , E[p])
that is stable under Gal(Kn0 /Q). Then LSn0 /Q is a finite Galois extension. Let
V = Gal(LSn0 /Ln0 ). Given a subset U of V we define
L (U ) = {` rational prime | ` - pN and Frob` (LSn0 /Q) = [τ u] for u ∈ U }
Note that every ` ∈ L (U ) is a Kolyvagin prime. A suitably chosen integer
n0 ≥ 0 and a subgroup Sn0 will play an important role in our proofs of theorems
A and B.
Proposition 2.8. If U + generates V + , then img ψ` with ` ranging over L (U )
generate Xp (E/K∞ ) dual
Proof. Let s = (sn ) ∈ Xp (E/K∞ ) with sn ∈ Selp (E/Kn ). To prove the proposition,
it suffices to show that res` (s) = 0 for all ` ∈ L (U ) implies s = 0 i.e. we must
show for any n that res` (sn ) = 0 implies that sn = 0. Of course it suffices to show
this for all n ≥ n0 .
Let n ≥ n0 . By the previous lemma the extensions LSn0 /Kn0 and Kn /Kn0 are
disjoint. Therefore, Vn := Gal(LSn0 Kn /Ln ) may be identified via restriction with
V = Gal(LSn0 /Ln0 ). Let Un be the subset of Vn corresponding to U . Then Un+
generates Vn+ . Moreover, if ` ∈ L (U ) with Frob` (LSn0 /Q) = [τ u] with u ∈ U , then
as ` is inert in K/Q and ` 6= p therefore ` splits completely in the anticyclotomic
Zp -extension K∞ /K. This implies that Frob` (LSn0 Kn /Q) = [τ u0 ] where u0 is the
element of Un corresponding to u.
We are now ready to prove the result. As above, we will show that res` (sn ) = 0
implies that sn = 0. Without loss of generality we may assume that sn is in an
eigenspace for the action of τ .
By proposition 2.6 the restriction map induces an isomorphism
∼
res : H 1 (Kn , E[p]) −
→
H 1 (Ln , E[p])Gn = HomGn (Gal(Q/Ln ), E[p])

Using this isomorphism we identify sn with its image in HomGn (Gal(Q/Ln ), E[p])
Now choose a Galois extension M of Q containing LSn0 Kn such that: (i)
Gal(M/Ln ) is abelian and (ii) sn factors through Gal(M/Ln ). Let x ∈ Gal(M/Ln )
be such that x|LSn Kn ∈ Un . By the Chebotarev density theorem, we may find
0
` ∈ L (U ) such that Frob` (M/Q) = [τ x].
That fact that res` (sn ) = 0 means that sn (Frobλ (M/Ln )) = 0 for all primes λ
of Ln above `. Since Frob` (M/Q) = [τ x] therefore for any prime λ of Ln above `
we have Frobλ (M/Ln ) = (τ x)2 = xτ x = (x+ )2 and hence sn (x+ ) = 0.
Since Un+ generates Vn+ therefore the homomorphism vanishes on Gal(M/Ln )+
and hence as sn is in an eigenspace for the action of τ this implies that the image of

10

AHMED MATAR

sn is contained in a τ -eigenspace of E[p]. In particular, it is a proper Gn -submodule
of E[p]. Hence it is trivial since Gn = GL2 (Fp ). Therefore sn = 0.

The following proposition will be an important tool to finding relations in
Xp (E/K∞ )dual
Proposition 2.9. For any n, if s ∈ Selp (E/Kn ) and γ ∈ H 1 (Kn , E)[p], then
X
hres` s, res` γi` = 0
`

where the sum is taken over all the rational primes
The proposition is an immediate consequence of the global reciprocity law for
elements in the Brauer group of Kn ([19] th. 8.1.17), taking into account the
definition of local Tate duality (loc. cit. th. 7.2.6).
We now define Yp∞ (E/K∞ ) = lim Tp Selp∞ (E/K∞ )Γn where the inverse limit is
←−
taken over n with respect to the norm maps
The restriction maps res : Selp∞ (E/Kn ) → Selp∞ (E/K∞ )Γn induce a map
Ξ : Xp∞ (E/K∞ ) → Yp∞ (E/K∞ )
In the final part of this section, we will prove an Iwasawa-theoretic control theorem
which determines the Λ-rank of the kernel and cokernel of this restriction map. As
explained in the introduction, this control theorem will allow us to deduce the value
of Λ-corank of Selp∞ (E/K∞ ) from the value of the Λ-rank of Xp∞ (E/K∞ )
Theorem 2.10. Consider the map Ξ induced by restriction
Ξ : Xp∞ (E/K∞ ) → Yp∞ (E/K∞ )

(a) If E has good ordinary reduction at p, then Ξ is an isomorphism
(b) If E has good supersingular reduction at p and p splits in K/Q, then Ξ is an
injection and rankΛ (coker Ξ) ≤ 2
Proof. First we prove part (a): Assume that E has good ordinary reduction at
p. From Mazur’s control theorem ([17]; see also [13] and [14]) using the fact that
E(K∞ )[p∞ ] = {0} (corollary 2.4) we get that for any n the restriction map
resn : Selp∞ (E/Kn ) → Selp∞ (E/K∞ )Γn
is an injection with finite cokernel. Part (a) then follows from this by taking Tate
modules and then inverse limits over n.
Now we prove part (b): Assume that E has good supersingular reduction at p
and p splits in K/Q. Define S = {p} ∪ {l prime : l|N }. For any n, with this set
S, we define Sn to be the set of primes of Kn above those in S and S∞ to be the
primes of K∞ above those in S. Now define KS to be the maximal extension of
K unramified outside S, GS (Kn ) = Gal(KS /Kn ) and GS (K∞ ) = Gal(KS /K∞ ).
Note that since we have assumed all the primes dividing N to split in K/Q therefore
it follows from theorem 2 of [5] that the set S∞ is finite.

SELMER GROUPS AND ANTICYCLOTOMIC Zp -EXTENSIONS

11

For any Kn and any m it is well-konown that the pm -Selmer group Selpm (E/Kn )
may be defined as
0 −→ Selpm (E/Kn ) −→ H 1 (GS (Kn ), E[pm ]) −→

Y

H 1 (Kn,v E)[pm ]

v∈Sn

We may also define Selpm (E/K∞ ) as
0 −→ Selpm (E/K∞ ) −→ H 1 (GS (K∞ ), E[pm ]) −→

Y

H 1 (K∞,v E)[pm ]

v∈S∞

For any n and m consider the following commutative diagram:

0

/ Selpm (E/K∞ )Γn
O
sn,m

0

/ Selpm (E/Kn )

/ H 1 (GS (K∞ ), E[pm ])Γn
O

ψ∞,m

/ L H 1 (K∞,v , E)[pm ]Γn
v∈S∞
O
gn,m

hn,m

/ H 1 (GS (Kn ), E[pm ])

ψn,m

/

L

H 1 (Kn,v , E)[pm ]

v∈Sn

(10)
The vertical maps in the above diagram are restriction. Let us note a few things
related to this diagram:
(1) The maps hn,m are isomorphisms: This follows from the fact that
H 1 (Γn , E(K∞ )[pm ]) and H 2 (Γn , E(K∞ )[pm ]) are both trivial because
E(K∞ )[p∞ ] = {0} (corollary 2.4).
(2) For any v ∈ S∞ above p we have H 1 (K∞,v , E)[p∞ ] = {0}: This is equivalent
∼
to E(K∞,v ) ⊗ Qp /Zp −
→
H 1 (K∞,v , E[p∞ ]) with the map being the usual one from
the Kummer sequence. The result follows from [8] cor. 3.2 as explained in [13] pg.
70. Note that the fact that E has supersingular reduction at p is crucial for this
result.
(3) For any v ∈ Sn not dividing p we have that H 1 (Kn,v , E)[p∞ ] is finite:
This follows from 2 facts. First, by Tate duality for abelian varieties over local
fields ([18] cor. 3.4) we have that H 1 (Kn,v , E)[p∞ ] is isomorphic to the dual
of lim E(Kn,v )/pn . Secondly, if l is the rational prime lying below v, then by
←−
Mattuck’s theorems we have that E(Kn,v ) ∼
= Zdl × T where d = [Kn,v : Ql ] and T
is a finite group. Therefore it follows from these 2 facts that H 1 (Kn,v , E)[p∞ ] is
the (finite) p-primary subgroup of E(Kn,v ).
(4) Let p1 and p2 be the primes of K above p. Since we have assumed that the
class number of K is relatively prime to p, therefore both p1 and p2 are totally
ramified in K∞ /K. So in particular there are only 2 primes pn,1 and pn,2 of Kn
above p and 2 primes p∞,1 and p∞,2 of K∞ above p.
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∼
(5) For any n and m we have isomorphisms H 1 (Kn , E[pm ]) −→
∼
∞
m
m
H (Kn , E[p ])[p ] and Selpm (E/Kn ) −→ Selp∞ (E/Kn )[p ]. A similar observation applies to these groups over K∞ : This follows from corollary 2.4/
1

Let S̃∞ = S∞ \{p∞,1 , p∞,2 } (see (4)). Taking the points (2)-(5) into consideration, we take the inverse limit of the objects in the diagram above over m (using
the multiplication by p map) and then over n (using the corestriction map for the
bottom row and the norm map for the top row) to obtain the following diagram
0

/ Yp∞ (E/K∞ )
O

/ lim Tp H 1 (GS (K∞ ), E[p∞ ])Γn
←−
O
Ξ0

Ξ

0

/ Xp∞ (E/K∞ )

φ

/

lim Tp H 1 (K∞,v , E)[p∞ ]Γn
←−
v∈S̃∞
O
L

Ξ00

/ lim Tp H 1 (GS (Kn ), E[p∞ ])
←−

ψ

/ L lim Tp H 1 (Kp , E)[p∞ ]
n,i
←−
i=1,2

(11)
To ease the notation, in the above diagram we have denoted Kn,pn,i by Kpn,i .
Applying the snake lemma to this diagram we get
0 → ker Ξ → ker Ξ0 → ker Ξ00 ∩ img ψ → coker Ξ → coker Ξ0
From point (1) above, it follows that Ξ0 is an isomorphim i.e. ker Ξ0 = 0 and
coker Ξ0 = 0. Therefore from the above sequence we get that ker Ξ = 0 as required.
We also get that coker Ξ = ker Ξ00 ∩ img ψ. But Ξ00 is the zero map so coker Ξ =
img ψ. Therefore we must show that rankΛ (img ψ) ≤ 2. To study img ψ we use the
Cassels-Poitou-Tate exact sequence (see [9]) which gives that the following sequence
is exact
ψn,m

H 1 (GS (Kn ), E[pm ]) −−−→

M

θn,m

H 1 (Kn,v , E)[pm ] −−−→ Selpm (E/Kn )dual

v∈Sn

Taking the points (3)-(5) above into consideration, we take the inverse limits
of the groups over m (using the multiplication by p map) and then over n (using
the corestriction map). As the all the groups we are dealing with are compact
Hausdorff, the resulting sequence is also exact:
ψ

lim Tp H 1 (GS (Kn ), E[p∞ ]) −
→
←−

M
i=1,2

θ

lim Tp H 1 (Kpn,i , E)[p∞ ] −
→ Selp∞ (E/K∞ )dual
←−

The fact that this sequence is exact means that img ψ = ker θ. So to show that
rankΛ (img ψ) ≤ 2 it suffices to show that rankΛ (ker θ) ≤ 2 or equivalently, if θ̂ is
the dual map, that corankΛ (coker θ̂) ≤ 2.
By Tate local duality the dual of H 1 (Kpn,i , E)[pm ] may be identified with
E(Kpn,i )/pm . Therefore using this fact, the map θ̂ becomes
θ̂ : Selp∞ (E/K∞ ) → E(Kp∞,1 ) ⊗ Qp /Zp × E(Kp∞,2 ) ⊗ Qp /Zp
This map is the usual map induced by restriction

SELMER GROUPS AND ANTICYCLOTOMIC Zp -EXTENSIONS

H 1 (K∞ , E[p∞ ]) →

M

13

H 1 (Kp∞,i , E[p∞ ])

i=1,2

Note that if c ∈ Selp∞ (E/K∞ ) ⊂ H 1 (K∞ , E[p∞ ]) then its image under this map
belongs to E(Kp∞,1 ) ⊗ Qp /Zp × E(Kp∞,2 ) ⊗ Qp /Zp .
To prove our result we will first calculate corankΛ (E(Kp∞,i ) ⊗ Qp /Zp ). First
we show that E(Kp∞,i )[p∞ ] = {0}. Since Γ = Gal(Kp∞,i /Qp ) is pro-p it suffices
to show that E(Qp )[p∞ ] = E(Kp∞,i )[p∞ ]Γ = {0}. But since E has supersingular
reduction at p, we have E(Qp )[p∞ ] = Ê(pZp )[p∞ ] where Ê is the formal group of
E/Qp . The result then follows from the fact ([22] ch. 4 th. 6.1) that Ê(pZp ) has
no p-torsion if p ≥ 3.
Since E(Kp∞,i )[p∞ ] = {0}, therefore, as in point (1) above, the restriction map
∼
induces an isomorphism H 1 (Kpn,i , E[p∞ ]) −→
H 1 (Kp∞,i , E[p∞ ])Γn . In addition,
1
we know that ([14] ch.2) corankZp (H (Kpn,i , E[p∞ ])) = 2pn . Therefore it follows
that corankΛ (H 1 (Kp∞,i , E[p∞ ])) = 2. But by point (2) above E(Kp∞,i ) ⊗ Qp /Zp is
isomorphic to H 1 (Kp∞,i , E[p∞ ]) so we also have corankΛ (E(Kp∞,i ) ⊗ Qp /Zp ) = 2.
We have now shown that
corankΛ (E(Kp∞,1 ) ⊗ Qp /Zp × E(Kp∞,2 ) ⊗ Qp /Zp ) = 4
Therefore to show that corankΛ (coker θ̂) ≤ 2 we only need to show that
corankΛ (img θ̂) ≥ 2.This follows from a result of Ciperiani ([6] prop. 2.1): Consider
the subgroup E(K∞ ) ⊗ Qp /Zp ⊂ Selp∞ (E/K∞ ). Ciperiani shows that the image
of the map (induced by restriction)
E(K∞ ) ⊗ Qp /Zp → E(Kp∞,i ) ⊗ Qp /Zp

i = 1, 2

has Λ-corank greater than or equal to two. This implies the result.

This control theorem implies the following key result
Theorem 2.11. Both Selp∞ (E/K∞ ) dual and Xp∞ (E/K∞ ) are finitely generated
Λ-modules
(a) If E has good ordinary reduction at p, then Xp∞ (E/K∞ ) is a free Λ-module
and corankΛ (Selp∞ (E/K∞ )) = rankΛ (Xp∞ (E/K∞ ))
(b) If E has good supersingular reduction at p and p splits in K/Q, then
corankΛ (Selp∞ (E/K∞ )) ≤ rankΛ (Xp∞ (E/K∞ )) + 2
Proof. Selp∞ (E/K∞ ) dual is a fintely generated Λ-module by [16] th. 4.5. Therefore
by [19] prop. 5.5.10 we have that Yp∞ (E/K∞ ) is a finitely generated free Λ-module
with the same rank as Selp∞ (E/K∞ ) dual .
The control theorem above gives in both the ordinary and supersingular case
an injection Xp∞ (E/K∞ ) ,→ Yp∞ (E/K∞ ). Therefore Xp∞ (E/K∞ ) is a finitely
generated Λ-module. The other statements now follow from the control theorem.
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3. Proof of Theorem A
In this section we prove theorem A. We assume throughout this section the
assumptions for theorem A in section 2.1. Let π : X0 (N ) → E be the modular parametrization of section 2.2 and let π∗ : J0 (N ) → E be the corresponding
covariant map. Before beginning the proof of theorem A we note that to prove
theorem A we many assume that ker(π∗ ) is geometrically connected, for E is Qisogenous to a strong Weil curve E 0 having a modular parametrization with this
property. Since E is isogenous to E 0 , therefore if E satisfies the conditions of
theorem A so does E 0 . Moreover let f : E → E 0 and g : E 0 → E be a Qisogeny and its dual. Then f ◦ g = m and g ◦ f = m for some integer m.
The isogenies f and g induce maps ḡ : Selp∞ (E/K∞ )dual → Selp∞ (E 0 /K∞ )dual
and f¯ : Selp∞ (E 0 /K∞ )dual → Selp∞ (E/K∞ )dual whose composites are multiplication by m. From this we get that ker f¯ is annihilated by m and therefore
corankΛ (Selp∞ (E 0 /K∞ )) ≤ corankΛ (Selp∞ (E/K∞ )). We get the reverse inequality from the map ḡ and therefore we get equality. Similarly one can show that
rankΛ (Xp∞ (E/K∞ )) = rankΛ (Xp∞ (E 0 /K∞ )). This shows that we may (and will)
indeed assume that ker(π∗ ) is geometrically connected.
Recall from section 2.2 that we have Rn αn ⊂ Rn+1 αn+1 . This allows us to take
the direct limit lim Rn αn ⊂ E(K∞ )/p. We begin this section with the following
−→
important theorem
Theorem 3.1. As a Λ-module (lim Rn αn )dual is finitely generated and not torsion
−→
Proof. It is well-known (see for example [16] th. 4.5) that Selp∞ (E/K∞ )dual is a
finitely generated Λ-module. Since E(K∞ )[p∞ ] = {0} by corollary 2.4 therefore we
∼
have an isomorphism Selp (E/K∞ ) −→
Selp∞ (E/K∞ )[p] and so Selp (E/K∞ )dual is
a finitely generated Λ-module. The same then holds for (lim Rn αn )dual (since it is
−→
a quotient of Selp (E/K∞ )dual ).
We now prove that (lim Rn αn )dual is not Λ-torsion. Since finitely generated
−→
torsion Λ-modules are finite, we just have to show that lim Rn αn is an infinite
−→
dimensional Fp -vector space. Our result follows from a theorem of Cornut ([10]
th. B). Cornut defines a certain subgroup subgroup M ⊂ lim Rn αn . His theorem
−→
states that if p is a prime not dividing ϕ(N dK ) nor the number of geoemetrically
connected components of ker(π∗ ) then dimFp M is infinite (which then implies that
dimFp lim Rn αn is infinite). Since ker(π∗ ) is geometrically connected we get the
−→
desired result.

We would now like to show that there exists a Kolyvagin prime `1 such that
lim res`1 Rn αn has nontrivial Λ-corank. To do this, we use the technique in [7].
−→
The above theorem implies that there exists a nonzero map
φ : Λ dual → lim Rn αn
−→
Since φτ − φ and φτ + φ cannot be zero simultaneously, we can assume that φ lies in
one of the eigenspaces for the action of complex multiplication τ . Since (img φ)dual
injects into Λ, it is free of rank 1 over Λ. It follows that dimFp (img φ)Γ = 1. Also
since img φ is τ -invariant and τ gτ = g −1 for any g ∈ Γ we get that (img φ)Γ is also
τ -invariant.
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Now let s ∈ (img φ)Γ − {0}. Then s is an eigenvector for the action of τ on
lim Rn αn . Since E(K∞ )[p∞ ] = {0} (corollary 2.4) therefore the restriction map is
−→
an isomorphism
∼
H 1 (K, E[p]) −→
H 1 (K∞ , E[p])Γ

This implies that s ∈ H 1 (K, E[p]). Now let T be the subgroup generated by s
in H 1 (K, E[p]). With the notation following proposition 2.6 we have an extension
LT /Q which is Galois over Q since T is τ -invariant. Now let H = Gal(LT /L) ∼
=
E[p] (see [15] prop. 9.3) and choose h ∈ H such that (τ h)2 ∈ H + − {0}. We
now choose an auxilary prime `1 such that `1 is relatively prime to pN dK and
Frob`1 (LT /Q) = [τ h] (such a prime exists by the Chebotarev density theorem).
We now claim that res`1 s 6= 0. To prove this we only have to note that `1 is
inert in K/Q and hence Frob`1 (LT /K) = [(τ h)2 ]. Since (τ h)2 is nonzero, the fact
that res`1 s 6= 0 follows easily from the non-degeneracy of the pairing (9). From
this we get the following proposition.
Proposition 3.2. As a Λ-module (lim Rn cn (`1 ))dual is finitely generated and not
−→
torsion
Proof. To prove that (lim Rn cn (`1 ))dual is a finitely generated Λ-module we cannot
−→
argue as in theorem 3.1 because lim Rn cn (`1 ) does not belong to Selp (E/K∞ ).
−→
However it does belong to a ”generalized” Selmer group which we will now define.
If L/Q is an algebraic extension and T is any set of primes of L we define
SelTp (E/L) by the exact sequence
0 −→ SelTp (E/L) −→ H 1 (L, E[p]) −→

Y

H 1 (Lv , E)[p]

v ∈T
/

SelTp∞ (E/L)

in a similar fashion. Now let T be the set of primes
We also define
of K∞ that lie above `1 . Then by property (2) of the Kolyvagin classes in section
2.2 we have that lim Rn cn (`1 ) ⊂ SelTp (E/K∞ ). We now modify the argument in
−→
theorem 3.1: Manin ([16] th. 4.5) has shown that SelTp∞ (E/K∞ )dual is a finitely
generated Λ-module (he proves this for any set T ). Since E(K∞ )[p∞ ] = {0} (by
∼
corollary 2.4) therefore we have an isomorphism SelTp (E/K∞ ) −→
SelTp∞ (E/K∞ )
T
and so Selp (E/K∞ )dual is a finitely generated Λ-module. Then the same holds for
(lim Rn cn (`1 ))dual (since it is a quotient of SelTp (E/K∞ )dual ).
−→
We now prove that (lim Rn cn (`1 ))dual is not a torsion Λ-module. Recall that we
−→
have a nonzero map
φ : Λ dual → lim Rn αn
−→
We have chosen s ∈ img φ and chosen the prime `1 so that res`1 s 6= 0. Now consider
the restriction map
ψ : lim Rn αn → lim res`1 Rn αn
−→
−→
Since we have res`1 s 6= 0 therefore img(ψ ◦ φ) 6= 0 and since Λ dual surjects onto
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img(ψ ◦ φ) therefore img(ψ ◦ φ)dual is a nonzero submodule of Λ and hence free of
rank 1 over Λ. It follows that lim res`1 Rn αn is not Λ-cotorsion.
−→
Since lim Rn cn (`1 ) surjects onto lim Rn dn (`1 ) and since by property (3) of the
−→
−→
Kolyvagin classes we have an isomorphism lim res`1 Rn dn (`1 ) ∼
res R α
= lim
−→
−→ `1 n n
therefore lim Rn cn (`1 ) surjects onto lim res`1 Rn αn . It follows that lim Rn cn (`1 )
−→
−→
−→
is not Λ-cotorsion since lim res`1 Rn αn is not Λ-cotorsion.

−→
The above proposition implies that there exists a nonzero map
φ0 : Λ dual → lim Rn cn (`1 )
−→
As with the map φ defined earlier we may assume that φ0 lies in an eigenspace for
the action of complex multiplication τ . Now let s0 ∈ (img φ0 )Γ − {0}. Then s0 is an
eigenvector for the action of τ on lim Rn cn (`1 ).
−→
We now have the following proposition
Proposition 3.3. s and s0 are linearly independent over Fp
Proof. s ∈ Rn αn for some n and s0 ∈ Rm cm (`1 ) for some m. We may assume that n = m. To ease the notation we will denote H 1 ((Kn [`1 ])`1 , E[p]) by
H 1 (Kn,`1 [`1 ], E[p])
Now let ψ be the composition of the restriction maps
ψ : H 1 (Kn , E[p]) → H 1 (Kn,`1 , E[p]) → H 1 (Kn,`1 [`1 ], E[p])
We claim that ψ(s) 6= 0. Consider the field LT defined before proposition 3.2 and
let λ be a prime of K[`1 ]LT above `1 . It is not difficult to see that to show ψ(s) 6= 0
we only need to prove that the completions of the extensions LT /L and LK[`1 ]/L
at λ are disjoint. We know that K[`1 ]/K[1] is totally ramified at any prime at any
prime above `1 . Since `1 does not divide N p it is therefore unramified in L/Q.
It follows that LK[`1 ]/LK[1] is totally ramified at primes above `1 . Since LT /L
is unramified at primes above `1 therefore to show that the completions of the
extensions LT /L and LK[`1 ]/L at λ are disjoint we only need to show that the
completions of LK[1]/L and LT /L are disjoint. But this follows from the fact that
Gal(LT /L) ∼
= E[p] (see [15] prop. 9.3) and that the class number of K is prime to
p.
If ψ(s0 ) = 0 then s and s0 must be linearly independent. So now we consider the case where ψ(s0 ) 6= 0. We have s0 = rcn (`1 ) for some r ∈ Rn .
Since ψ(s0 ) 6= 0 therefore from the commutative diagram (3) in section 2.2 we
get that D`1 (res`1 (TrKn [1]/Kn rαn (`1 )) = res`1 (TrKn [1]/Kn D`1 rαn (`1 )) 6= 0 and so
res`1 (TrKn [1]/Kn rαn (`1 )) 6= 0.(Note that the fields Kn and K[`1 ] are linearly disjoint over K. Therefore Gal(Kn [`1 ]/K) = Gal(Kn /K) × Gal(K[`1 ]/K) and so
rαn (`1 ) makes sense).
For any prime λ of Kn [`1 ] we will denote the residue field by Kλ . Now define
E(K`1 )/p := ⊕λ|`1 Ẽ(Kλ )/p where Ẽ is the reduced elliptic curve and the sum is
taken over all primes λ dividing `1
With this notation we let red`1 : E(Kn,`1 [`1 ])/p → E(K`1 )/p be the reduction map and we let res`1 : E(Kn [`1 ])/p → E(K`1 )/p be the composition
res`1 = red`1 ◦ res`1 .
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It follows from proposition 2.2 that we have
res`1 (TrKn [1]/Kn rαn (`1 )) = Frob`1 res`1 (TrKn [1]/Kn rαn (1)) = Frob`1 res`1 (rαn )
Since `1 6= p therefore multiplication by p is an isomorphism on the formal group
of E(Kn,λ [`1 ]) for any λ above `1 (Kn,λ [`1 ] denotes the completion of Kn [`1 ] at
λ). From this it follows that the map red`1 is an isomorphism and since we
have shown earlier that res`1 (TrKn [1]/Kn rαn (`1 )) 6= 0 therefore it follows that
res`1 (TrKn [1]/Kn rαn (`1 )) 6= 0 and hence from what we deduced above we get
res`1 (rαn ) 6= 0. We conclude that res`1 (rαn ) 6= 0.
Using property (3) of the Kolyvagin classes in section 2.2, it follows from this
that res`1 (rdn (`1 )) 6= 0 and so rdn (`1 ) 6= 0. Now consider the exact sequence
ϕ

0 → E(Kn )/p → H 1 (Kn , E[p]) −
→ H 1 (Kn , E)[p] → 0
If ϕ is the above map then ϕ(s0 ) = rdn (`1 ) 6= 0. But s ∈ E(Kn )/p so from the
above exact sequence we get that ϕ(s) = 0. This proves that s and s0 are linearly
independent.

We are now ready to define the subgroup Sn0 ⊂ H 1 (Kn0 , E[p]) and the set U in
section 2.3. We consider 2 cases:
Case 1. s and s0 lie in different eigenspaces for the action of complex conjugation τ
In this case if τ s =  s where  ∈ {+1, −1} then τ s0 = − s0 . Note that s and s0
are linearly independent over Fp . Since E(K∞ )[p∞ ] = {0} by corollary 2.4 therefore
the restriction map is an isomorphism:
∼
H 1 (K, E[p]) −→
H 1 (K∞ , E[p])Γ

Since s and s0 are both Γ-invariant therefore they belong to H 1 (K, E[p]). Now let
S be the subgroup of H 1 (K, E[p]) generated by s and s0 . We now let n0 = 0 and
Sn0 = S. Let V = Gal(LS /L) where L = K(E[p]). We will denote L{Fp s} and
L{Fp s0 } by Ls and Ls0 respectively. By [15] prop. 9.3 we have
V = Gal(Ls /L) × Gal(Ls0 /L) = E[p] × E[p]
Complex conjugation τ acts on V by
τ (x, y)τ = ( τ x, − τ y)
Let E[p] denote the submodule of E[p] on which τ acts as . We now define a
subset U of V as
U = {(x, y) | x ∈ E[p] − {0} and y ∈ E[p]− − {0}}
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It is clear that U + generates V + .
Case 2. s and s0 lie in the same eigenspace for the action of complex conjugation τ
In this case we have τ s =  s and τ s0 =  s0 for some  ∈ {+1, −1}. Following [7]
we now consider the Γ-invariants of img φ/hsi and img φ0 /hs0 i. The map φ induces
a surjection:
φ : Λ dual  img φ/hsi
Therefore (img φ/hsi) dual is a nonzero submodule of Λ and so is free of rank 1 over
Λ. It follows that the Γ-invariants of img φ/hsi is a 1-dimensional Fp -vector space.
Moreover, since τ acts on img φ/hsi and τ gτ = g −1 for any g ∈ Γ it follows that
the Γ-invariants of img φ/hsi are τ -invariant.
Now choose e ∈ img φ such that e + hsi ∈ (img φ/hsi)Γ − {0}. Then e + hsi is an
eigenvector for the action of τ on img φ/hsi. So τ e = 0 e+xs for some 0 ∈ {+1, −1}
and x ∈ Fp . As in [7], we will now show that 0 = −. We have
e = 0 τ e + xτ s = e + 0 xs +  xs = e + (0 + )xs
Therefore 0 = − if x 6= 0. So we still need to consider the case where τ e = 0 e.
Here we use the fact that if g is topological generator of Γ then (g − 1)e = ys for
some nonzero y ∈ Fp . We have
τ (g − 1)e = (g −1 − 1)0 e = −0 g −1 [(g − 1)e] = −0 g −1 ys = −0 ys
On the other hand τ (g − 1)e = yτ s =  ys so 0 = −.
Now consider e0 = e −  12 xs. We have
1
1
1
1
τ e0 = τ e −  xτ s = − e + xs − ()2 xs = − e + xs = −(e −  xs) = − e0
2
2
2
2
Therefore replacing e with e0 we have τ e = −e
To summarize, there exists e ∈ img φ such that e + hsi ∈ (img φ/hsi)Γ − {0} and
τ e = − e. Similarly there exists e0 ∈ img φ0 such that e0 +hs0 i ∈ (img φ0 /hs0 i)Γ −{0}
and τ e0 = − e0 .
We now show that s, s0 , e and e0 are linearly independent over Fp . We will use
the fact that s and s0 are Γ-invariant and that (g − 1)e = ys and (g − 1)e0 = y 0 s0
for some nonzero y, y 0 ∈ Fp . Now suppose that
k1 s + k2 s0 + k3 e + k4 e0 = 0
For some ki ∈ Fp . Multiplying both sides by g − 1 yields
k3 ys + k4 y 0 s0 = 0
and therefore k3 = k4 = 0 by proposition 3.3. So we have
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k1 s + k2 s0 = 0
So using proposition 3.3 again gives k1 = k2 = 0
Now choose n ∈ N such that s, s0 , e and e0 all belong to H 1 (Kn , E[p]) and let S
be the subgroup of H 1 (Kn , E[p]) generated by s, s0 , e and e0 . Then dimFp S = 4.
Note that S is stable under Gal(Kn /Q). Now let n0 = n and Sn0 = S. Let
V = Gal(LS /L) where L = Kn (E[p]). We will denote L{Fp s} by Ls and similarly
for s0 , e and e0 . Since dimFp S = 4 therefore by [15] prop. 9.3 we have
V = Gal(Ls /L) × Gal(Ls0 /L) × Gal(Le /L) × Gal(Le0 /L) ∼
= E[p]4
Complex conjugation τ acts on V by
τ (x, y, z, w)τ = ( τ x,  τ y, − τ z, − τ w)
Let E[p] denote the submodule of E[p] on which τ acts as . We now define
U1 = {(x, 0, 0, z) | x ∈ E[p] − {0} and z ∈ E[p]− − {0}}
and
U2 = {(0, y, w, 0) | y ∈ E[p] − {0} and w ∈ E[p]− − {0}}
Finally we let
U = U1 ∪ U2
It is clear that U + generates V + .
For any ` ∈ L (U ) we consider lim res` Rn αn and lim res` Rn cn (`1 ). We have the
−→
−→
following key proposition
Proposition 3.4. For any ` ∈ L (U ) the submodules lim res` Rn αn and
−→
lim res` Rn cn (`1 ) of lim E(Kn,` )/p each have Λ-corank greater or equal to 1 and
−→
−→
together they generate a submodule of Λ-corank equal to 2
Proof. Consider the nonzero maps we defined earlier
φ : Λ dual → lim Rn αn
−→
φ0 : Λ dual → lim Rn cn (`1 )
−→
For any ` ∈ L (U ) let
ψ` : lim Rn αn → lim res` Rn αn
−→
−→
ψ`0 : lim Rn cn (`1 ) → lim res` Rn cn (`1 )
−→
−→
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be the restriction maps. Then for any ` ∈ L (U ) we define φ` = ψ` ◦ φ and
φ0` = ψ`0 ◦ φ0 . Our definition of the set U shows that for any ` ∈ L (U ) there exist
α ∈ img φ and β ∈ img φ0 such that ψ` (α) 6= 0 and ψ`0 (β) 6= 0. This shows that
img φ` 6= 0 and img φ0` 6= 0. Since Λ dual surjects onto img φ` and img φ0` . Therefore
both φ`dual and φ0` dual are nonzero submodules of Λ and so are free of rank 1 over
Λ. This shows that both lim res` Rn αn and lim res` Rn cn (`1 ) are not Λ-cotorsion.
−→
−→
To show that the Λ-corank of lim res` Rn αn + lim res` Rn cn (`1 ) is equal to 2, it
−→
−→
suffices to prove that img φ` + img φ0` has Λ-corank equal to 2, for then this implies
that lim res` Rn αn + lim res` Rn cn (`1 ) has Λ-corank greater or equal to 2. But by
−→
−→
the isomorphism in property (3) of the Kolyvagin classes in section 2.2 together
with proposition 2.5 we have that the Λ-corank of lim E(Kn,` )/p is equal to 2 so
−→
we get equality.
We will show that img φ` + img φ0` has Λ-corank equal to 2. To show this we
only need to show that dimFp (img φ` + img φ0` )Γ = 2. To see this we note that the
maps φ` and φ0` induce a surjection
(Λ ⊕ Λ) dual  img φ` + img φ0`
Therefore (img φ` + img φ0` ) dual is a nonzero submodule of Λ ⊕ Λ and hence free of
rank 1 or 2 over Λ. Since dimFp (img φ` + img φ0` )Γ = 2 therefore we must have that
(img φ` + img φ0` ) dual has Λ-rank equal to 2.
We now show that dimFp (img φ` + img φ0` )Γ = 2. Recall that we have chosen
s ∈ (img φ)Γ − {0} and s0 ∈ (img φ0 )Γ − {0}. In case 1 s and s0 belong to different
eigenspaces for the action of complex conjugation τ . Our definition of the set U in
this case gives that for any ` ∈ L (U ) we have res` (s) 6= 0 and res` (s0 ) 6= 0. Also
since s and s0 are Γ-invariant and belong to different eigenspaces for the action of
τ , the same will be true for res` (s) and res` (s0 ). Therefore we get the desired result
in this case.
Now we consider case 2 where s and s0 belong to the same eigenspace for the
action of τ . In this case we have chosen elements e and e0 such that e + hsi ∈
(img φ/hsi)Γ , e0 + hsi ∈ (img φ0 /hs0 i)Γ and e and e0 are eigenvectors for the action
of τ belonging to a different eigenspace from s and s0 . We have in this case defined
our set U to be the union of 2 sets U1 and U2 . Suppose that ` belongs to L (U1 ).
The definition of the set U1 shows that res` (s) 6= 0, res` (e0 ) 6= 0 and res` (s0 ) = 0.
Since res` (s0 ) = 0 therefore res` (e0 ) is Γ-invariant. Then we get the desired result
because s and e0 belong to different eigenspaces for the action of τ . We get a similar
situation if ` belongs to L (U2 ) thereby completing the proof.

Corollary 3.5. For any ` ∈ L (U ) the submodules lim res` Rn dn (`) and
−→
lim res` Rn dn (``1 ) of lim H 1 (Kn,` , E)[p] each have Λ-corank greater or equal to 1
−→
−→
and together they generate lim H 1 (Kn,` , E)[p]
−→
Proof. Using property (3) of the Kolyvagin classes in section 2.2, it follows from
the previous proposition that both lim res` Rn dn (`) and lim res` Rn dn (``1 ) have
−→
−→
Λ-corank greater or equal to 1 and that together they generate a submodule of
lim H 1 (Kn,` , E)[p] of Λ-corank equal to 2. This submodule must be equal to
−→
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lim H 1 (Kn,` , E)[p] since by proposition 2.5 H 1 (Kn,` , E)[p] is a cofree Λ-module
−→
of rank 2.

Proposition 3.6. For any ` ∈ L (U ), img ψ` is a cofree Λ-module and img ψ` =
ψ` (lim res` Rn dn (``1 ))
−→
Proof. The fact that img ψ(`) is a cofree Λ-module follows from the fact that
lim H 1 (Kn,` , E)[p] is cofree (proposition 2.5). As for the fact that img ψ` =
−→
ψ` (lim res` Rn dn (``1 )), it follows from corollary 3.5 together with the fact that
−→
by proposition 2.9 and property (2) of the Kolyvagin classes in section 2.2 we get
that ψ` (lim res` Rn dn (`)) = 0.

−→
Proposition 3.7. We have rankΛ (Xp (E/K∞ )) ≤ 1
Proof. According to proposition 2.8 img ψ` with ` ranging over L (U ) generate
· 2 where L1 (resp.
Xp (E/K∞ ) dual . Write L as a disjoint union L = L1 ∪L
L2 ) consists of the primes ` ∈ L such that ψ` (lim res` Rn dn (``1 )) is zero (resp.
−→
nonzero).
If L2 is empty, then Xp (E/K∞ ) = {0}. Otherwise assume that L2 is nonempty.
We will now show that rankΛ (Xp (E/K∞ )) = 1.
Recall that `1 was chosen so that corankΛ (lim res`1 Rn αn ) ≥ 1. There−→
fore by property (3) of the Kolyvagin classes in section 2.2 we have
corankΛ (lim res`1 Rn dn (`1 )) ≥ 1. Just as in the previous proposition we have
−→
that ψ`1 (lim res`1 Rn dn (`1 )) = 0 and that img ψ`1 is a cofree Λ-module. Since
−→
corankΛ (lim res`1 Rn dn (`1 )) ≥ 1 therefore taking proposition 2.5 into account it
−→
follows that img ψ`1 is a cofree Λ-module of rank less than or equal to 1.
Now assume that ` ∈ L2 and α ∈ lim Rn dn (``1 ). Then using proposition 2.9
−→
together with property (2) of the Kolyvagin classes in section 2.2 it follows that
ψ` (res` (α)) + ψ`1 (res`1 (α)) = 0
So ψ` (res` (α)) ∈ img ψ`1 and so by the previous proposition we get img ψ` ⊆
img ψ`1 . Then using our earlier obervation that img ψ`1 is Λ-cofree of rank less
than or equal to 1 together with the facts that img ψ` is nonzero and cofree as a
Λ-module (from the previous propostion) it follows that img ψ` = img ψ`1 . Our
desired result then follows from this.

We can now finally prove theorem A
Theorem A. Assume that E has good ordinary reduction at p, then Selp∞ (E/K∞ )
has Λ-corank equal to 1 and Xp∞ (E/K∞ ) is a free Λ-module of rank 1.
Proof. From theorem 2.11 together with the previous proposition we get that
Selp∞ (E/K∞ ) dual is a finitely generated Λ-module, Xp∞ (E/K∞ ) is a finitely generated free Λ-module and Xp (E/K∞ ) is a finitely generated free Λ-module with
corankΛ (Selp∞ (E/K∞ )) = rankΛ (Xp∞ (E/K∞ )) = rankΛ (Xp (E/K∞ )) ≤ 1
Therefore the theorem will follow if we can show that corankΛ (Selp∞ (E/K∞ )) ≥ 1.
We now show this as follows: using theorem 1.4 of [23] together with the main result
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of [2] it follows that rank(E(Kn )) = pn + O(1) and therefore corankZp (E(Kn ) ⊗
Qp /Zp ) = pn + O(1). This implies that corankΛ (E(K∞ ) ⊗ Qp /Zp ) ≥ 1 and
since E(K∞ ) ⊗ Qp /Zp is contained in Selp∞ (E/K∞ ) it therefore follows that
corankΛ (Selp∞ (E/K∞ )) ≥ 1 as desired.

4. Proof of Theorem B
In this section we prove theorem B. We assume thoroughout this section the
assumptions for theorem B in section 2.1. Let E 0 be a strong Weil curve that is
Q-isogenous to E. Since E is isogenous to E 0 , therefore if E satisfies the conditions
of theorem B so does E 0 . Moreover let f : E → E 0 and g : E 0 → E be a Qisogeny and its dual. Then f ◦ g = m and g ◦ f = m for some integer m. The
isogenies f and g induce maps ḡ : Selp∞ (E/K∞ )dual → Selp∞ (E 0 /K∞ )dual and
f¯ : Selp∞ (E 0 /K∞ )dual → Selp∞ (E/K∞ )dual whose composites are multiplication
by m. By the same argument in the beginning of section 3, using the maps f¯ and
ḡ, we see that corankΛ (Selp∞ (E 0 /K∞ )) = corankΛ (Selp∞ (E/K∞ )).
The isogenies f and g also induce maps f˜ : Xp∞ (E/K∞ ) → Xp∞ (E 0 /K∞ ) and
g̃ : Xp∞ (E 0 /K∞ ) → Xp∞ (E/K∞ ) whose composites are multiplication by m. From
this we see that ker f˜ is annihilated by m. Now assume that Xp∞ (E 0 /K∞ ) = {0}.
Then we have Xp∞ (E/K∞ ) = ker f˜ is annihilated by m. But by theorem 2.10
we have an injection Xp∞ (E/K∞ ) ,→ Yp∞ (E/K∞ ) where Yp∞ (E/K∞ ) is a free
Λ-module and so it follows that Xp∞ (E/K∞ ) is torsion-free. Therefore we must
have Xp∞ (E/K∞ ) = {0}. This shows that we may (and will) assume that E is a
strong Weil curve such that the map π∗ : J0 (N ) → E coming from the modular
parametrization π : X0 (N ) → E has a geometrically connected kernel.
Recall from section 2.2 that we have Rn αn ⊂ Rn+2 αn+2 for any n. This allows
us to construct the direct limits lim R2n α2n and lim R2n+1 α2n+1 . We recall the
−→
−→
following conjecture from the introduction
Conjecture. If p splits in K/Q and E has good supersingular reduction at p then
the submodule of E(K∞ )/p generated by lim R2n α2n and lim R2n+1 α2n+1 has Λ−→
−→
corank greater than or equal to two.
We will now discuss some evidence for this conjecture. The main evidence comes
from the following theorem. See also the remarks after the theorem.
Theorem 4.1. The Λ-modules lim R2n α2n and lim R2n+1 α2n+1 are not cotorsion
−→
−→
Proof. The fact that (lim R2n α2n ) dual and (lim R2n+1 α2n+1 ) dual are finitely gen−→
−→
erated over Λ follows exactly as in theorem 3.1. Since finitely generated torsion
Λ-modules are finite, therefore to show that lim R2n α2n and lim R2n+1 α2n+1 are
−→
−→
not cotorsion we only have to show that these modules are infinite.
We will show this by the same method used to prove theorem B in Cornut’s
paper [10]. Using the same notation as in Cornut’s paper we let N denote the
conductor of E and we let M be the integer defined on page 517 of Cornut’s paper.
Recall from section 2.2 that K[p∞ ] = ∪n≥1 K[pn ]. Now let ` be a rational prime
not dividing 2N M p that is inert in K/Q. Choose a place v` of K[p∞ ] above ` and
let k(`) denote its residue field, so that k(`) ∼
= F`2 . We have a reduction map at v`
red` : X0 (N M )(K[p∞ ]) → X0 (N M )(k(`))
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As Cornut notes, red` maps any CM point (relative to K) to the supersingular
locus X0ss (N M )(k(`)) of X0 (N M )(k(`)).
Now let Lp be the set defined on page 506 of Cornut’s paper. Using the
notation on page 517 of the paper we have for any a ∈ Lp a Heegner point
H 0 (a) ∈ X0 (N M )(K[p∞ ]). Let c(a) denote the conductor of H 0 (a). We now
define the following subsets of X0 (N M )(K[p∞ ])
X + = {σ(H 0 (a)) | a ∈ Lp , σ ∈ Gal(K[p∞ ]/K) and ordp (c(a)) ≡ 0

mod 2}

X − = {σ(H 0 (a)) | a ∈ Lp , σ ∈ Gal(K[p∞ ]/K) and ordp (c(a)) ≡ 1

mod 2}

We also define X be the set of all Heegner points relative to K of p-power conductor.
b and K
b (p) where Z
b and Z
b (p) are the profinite and
b =K⊗ Z
b (p) = K ⊗ Z
Let K
“prime to p-adic”completions of Z. Denote the Artin reciprocity map as
b ∗ → Gal(K[p∞ ]/K)
[K[p∞ ]/K, ?] : K
Now let S be a finite set of rational primes ` - 2N M p which are inert in K/Q
and let R be a finite subset of Gal(K[p∞ ]/K) consisting of elements that are pairb (p)∗ ]. For any such sets S and R we define the
wise distinct modulo [K[p∞ ]/K, K
following map
ψ :X →

Y

X0ss (N M )(k(`))R

`∈S

α 7→ (red` (σ(α)))σ∈R,`∈S
From Cornut’s proof of theorem B in his paper, we see that to obtain our desired
result we only have to show for any sets S and R as above that ψ|X + and ψ|X −
are surjective.
To show this last statement we use the work of Cornut and Vatsal [11] which is a
generalization of the work of Cornut [10] to CM points on Shimura curves. Taking
into account remark 4.16 of [12], we apply theorem 3.5 of [11] to the connected
Shimura curve Y0 (N ) = H/Γ0 (N ) to obtain the following result: ψ|Γx is surjective
for all but finitely many x ∈ X where Γx = {σ(x) | σ ∈ Γ}. It immediately follows
from this result that both ψ|X + and ψ|X − are surjective which as we noted above
imply, as desired, that both lim R2n α2n and lim R2n+1 α2n+1 are not cotorsion as
−→
−→
Λ-modules.

Remark. The main evidence in support of conjecture 1.1 comes from the above
theorem. If either lim R2n α2n or lim R2n+1 α2n+1 has Λ-corank greater than two
−→
−→
then the conjecture is true. Otherwise each of lim R2n α2n and lim R2n+1 α2n+1
−→
−→
has Λ-corank one and the conjecture in this case is equivalent to lim R2n α2n ∩
−→
lim R2n+1 α2n+1 being Λ-torsion.
−→
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Other evidence for this conjecture comes from the work of Ciperiani [6] which
we will now explain. We define Rn0 = Z/pn Z[Gn ] and we let Rn0 αn be the Rn0 submodule of H 1 (Kn , E[pn ]) generated by the image of αn under the map
E(Kn ) → H 1 (Kn , E[pn ])
As in section 2.2, using the natural transition maps one can show that Rn0 αn ⊆
0
0
Rn+2
αn+2 .
This allows us to construct the direct limits lim R2n
α2n and
−
→
0
lim R2n+1
αn+2 . Ciperiani ([6] prop. 2.1; see also [7] lemma 2.6.5) shows that
−→
0
0
the submodule of E(K∞ ) ⊗ Qp /Zp generated by lim R2n
α2n and lim R2n+1
α2n+1
−→
−→
has Λ-corank greater than or equal to two i.e. our conjecture is the “mod p” analog
of her result.
We now assume conjecture 1.1. Let M = lim R2n α2n +lim R2n+1 α2n+1 . Since M
−→
−→
has Λ-corank greater or equal to two and Λ is a PID therefore M dual is isomorphic
to Λr ⊕ T 0 where r ≥ 2 and T 0 is a finite. It follows that M = F ⊕ T where
F is cofree of rank r and T is finite. Since T is finite there exists an m ∈ N
m
such that (g − 1)p T = {0} where g is a topological generator of Γ (note that
m
m
m
m
(g − 1)p ≡ g p − 1 mod p). It follows that (g − 1)p M ⊆ F but as (g − 1)p M
has Λ-corank r and F is a cofree Λ-module of rank r, we therefore must have
m
m
F = (g−1)p M . Since M is τ -invariant therefore (g−1)p M is also τ -invariant and
r dual ∼
so F is τ -invaraint. Composing the isomorphism Λ
−→ F with the inclusion
F ,→ M we have shown that there exists a map
φ : Λr dual → lim R2n α2n + lim R2n+1 α2n+1
−→
−→
such that img φ is τ -invariant and is cofree with Λ-corank r ≥ 2. Therefore
dimFp (img φ)Γ = r ≥ 2. Moreover as img φ is τ -invariant and τ gτ = g −1 for
any g ∈ Γ therefore (img φ)Γ is τ -invariant as well.
We are now ready to define the subgroup Sn0 ⊂ H ( Kn0 , E[p]) and the set U
in section 2.3. Note that the endomorphism τ of (img φ)Γ is diagonalizable. We
consider 2 cases:
Case 1. The endomorphism τ of (img φ)Γ has two eigenspaces
Choose s, s0 ∈ (img φ)Γ such that τ s = s and τ s0 = −s0 . This case is similar to
case 1 in section 3. Since s and s0 are both Γ-invariant therefore they belong to
H 1 (K, E[p]). Now let S be the subgroup of H 1 (K, E[p]) generated by s and s0 . We
now let n0 = 0 and Sn0 = S. Let V = Gal(LS /L) where L = K(E[p]). We will
denote L{Fp s} and L{Fp s0 } by Ls and Ls0 respectively. As in section 3 we have
V = Gal(Ls /L) × Gal(Ls0 /L) = E[p] × E[p]
Complex conjugation τ acts on V by
τ (x, y)τ = ( τ x, − τ y)
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Let E[p] denote the submodule of E[p] on which τ acts as  ∈ {+1, −1}. We now
define a subset U of V as
U = {(x, y) | x ∈ E[p]+ − {0} and y ∈ E[p]− − {0}}
It is clear that U + generates V + .
Case 2. The endomorphism τ of (img φ)Γ has one eigenspace
Choose 2 Fp -linearly independent elements s, s0 ∈ (img φ)Γ . Then τ s = s and
τ s = s0 for some  ∈ {+1, −1}. This case is similar to case 2 of section 3. As in
that case we will consider the Γ-invariants of img φ/hsi and img φ/hs0 i
Since img φ is a cofree Λ-module of rank r therefore img φ/hsi is also cofree
of rank r and so dimFp (img φ/hsi)Γ = r. Also observe that the endomorphism
τ of (img φ/hsi)Γ is diagonalizable and dimFp ((img φ)Γ /hsi) = r − 1. Therefore
there exists an element e ∈ img φ − (img φ)Γ such that e + hsi ∈ (img φ/hsi)Γ and
τ e + hsi = 0 e + hsi for some 0 ∈ {+1, −1}. As we showed in case 2 of section 3
we have 0 = − and that we may further assume that τ e = −e. Similarly one can
show that there exists an element e0 ∈ img φ − (img φ)Γ such that τ e0 = −e0 and
e0 + hs0 i ∈ (img φ/hs0 i)Γ .
Also just as we showed in section 3, we can show that s, s0 , e and e0 are linearly
independent over Fp .
Now choose n ∈ N such that s, s0 , e and e0 all belong to H 1 (Kn , E[p]) and let S be
the subgroup of H 1 (Kn , E[p]) generated by s, s0 , e and e0 . Then dimFp S = 4. Note
that S is stable under Gal(Kn /Q). Let n0 = n and Sn0 = S. Let V = Gal(LS /L)
where L = Kn (E[p]). We will denote L{Fp s} by Ls and similarly for s0 , e and e0 .
Since dimFp S = 4 therefore we have
0

V = Gal(Ls /L) × Gal(Ls0 /L) × Gal(Le /L) × Gal(Le0 /L) ∼
= E[p]4
Complex conjugation τ acts on V by
τ (x, y, z, w)τ = ( τ x,  τ y, − τ z, − τ w)
Let E[p] denote the submodule of E[p] on which τ acts as . We now define
U1 = {(x, 0, 0, z) | x ∈ E[p] − {0} and z ∈ E[p]− − {0}}
and
U2 = {(0, y, w, 0) | y ∈ E[p] − {0} and w ∈ E[p]− − {0}}
Finally we let
U = U1 ∪ U2
It is clear that U + generates V + .
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Proposition 4.2. For any ` ∈ L (U ) the submodule lim res` R2n α2n +
−→
lim res` R2n+1 α2n+1 of lim E(Kn,` )/p has Λ-corank equal to 2
−→
−→
Proof. Consider the map we defined earlier
φ : Λr dual → lim R2n α2n + lim R2n+1 α2n+1
−→
−→
For any ` ∈ L (U ) let
ψ` : lim R2n α2n + lim R2n+1 α2n+1 → lim res` R2n α2n + lim res` R2n+1 α2n+1
−→
−→
−→
−→
be the restriction map. Then for any ` ∈ L (U ) we define φ` = ψ` ◦ φ .
To show that the Λ-corank of lim res` R2n α2n + lim res` R2n+1 α2n+1 is equal to
−→
−→
2, it suffices to prove that img φ` has Λ-corank equal to 2, for then this implies
that lim res` R2n α2n + lim res` R2n+1 α2n+1 has Λ-corank greater or equal to 2. But
−→
−→
by the isomorphism in property (3) of the Kolyvagin classes in section 2.2 together
with proposition 2.5 we have that the Λ-corank of lim E(Kn,` )/p is equal to 2 so
−→
we get equality.
We will show that img φ` has Λ-corank equal to 2. To show this we only need
to show that dimFp (img φ` )Γ = 2. To see this we note that the map φ` induces a
surjection
Λr dual  img φ`
Therefore (img φ` ) dual is a nonzero submodule of Λr and hence free of rank less
than or equal to r over Λ. But as dimFp (img φ` )Γ = 2 we therefore must have that
the rank is equal to 2.
We now show that dimFp (img φ` )Γ = 2. In case 1 we have chosen s, s0 ∈ (img φ)Γ
such that s and s0 belong to different eigenspaces for the action of complex conjugation τ . Our definition of the set U in this case gives that for any ` ∈ L (U ) we
have res` (s) 6= 0 and res` (s0 ) 6= 0. Also since s and s0 are Γ-invariant and belong
to different eigenspaces for the action of τ , the same will be true for res` (s) and
res` (s0 ). Therefore we get the desired result in this case.
Now we consider case 2. Here we have also chosen s, s0 ∈ (img φ)Γ . In this case
both s and s0 belong to the same eigenspace for the action of τ . We have chosen
elements e and e0 such that e + hsi ∈ (img φ/hsi)Γ , e0 + hs0 i ∈ (img φ/hs0 i)Γ and e
and e0 are eigenvectors for the action of τ belonging to a different eigenspace from
s and s0 . We have in this case defined our set U to be the union of 2 sets U1 and
U2 . Suppose that ` belongs to L (U1 ). The definition of the set U1 shows that
res` (s) 6= 0, res` (e0 ) 6= 0 and res` (s0 ) = 0. Since res` (s0 ) = 0 therefore res` (e0 ) is
Γ-invariant. Then we get the desired result because s and e0 belong to different
eigenspaces for the action of τ . We get a similar situation if ` belongs to L (U2 )
thereby completing the proof.

Corollary 4.3. For any ` ∈ L (U ) we have lim H 1 (Kn,` , E)[p]
−→
lim res` R2n d2n (`) + lim res` R2n+1 d2n+1 (`)
−→
−→
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Proof. Using property (3) of the Kolyvagin classes in section 2.2, it follows from the
previous proposition that lim res` R2n d2n (`)+lim res` R2n+1 d2n+1 (`) is a submodule
−→
−→
of lim H 1 (Kn,` , E)[p] of Λ-corank equal to 2. This submodule must be equal to
−→
lim H 1 (Kn,` , E)[p] since by proposition 2.5 H 1 (Kn,` , E)[p] is a cofree Λ-module of
−→
rank 2.

We can now finally prove theorem B
Theorem B. Assume that p splits in K/Q, E has good supersingular reduction
at p and conjecture 1.1 is true, then Selp∞ (E/K∞ ) has Λ-corank equal to 2 and
Xp∞ (E/K∞ ) = {0}
Proof. For any ` ∈ L (U ) using proposition 2.9 together with property (2)
of the Kolyvagin classes in section 2.2 it follows that ψ` (lim res` R2n d2n (`) +
−→
lim res` R2n+1 D2n+1 (`)) = 0 and so from corollary 4.3 we get that img ψ` = {0}.
−→
Since according to proposition 2.8 img ψ` with ` ranging over L (U ) generate Xp (E/K∞ ) dual therefore we get that Xp (E/K∞ ) = {0} which implies that
Xp∞ (E/K∞ ) = {0} by Nakayama’s lemma.
It then follows from theorem 2.11 that corankΛ (Selp∞ (E/K∞ )) ≤ 2.
So the proof of theorem B will be complete if we can show that
corankΛ (Selp∞ (E/K∞ )) ≥ 2. This follows from theorem 1.7 of [13] (or alternatively one can use proposition 2.1 of [6]).
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