


Binomial Theorem
-

Let R be a commutative

ring with acbERT
For any n> 0 we have
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show that the nilpotent
elements of a commutative

ring R form a subring

Lef S be the set

of nilpotent elements of R

① S#Of because 07-0 so OES

② Suppose a ,be
S

Then a" = O and 61-0

for some n ,me #
*

Let dint n
we claim that Ca- b)de O



We now show this .

By the binomial theorem
we have
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If is n then d - i >M and we have
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as claimed .
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③ suppose a
,
be S

Then an -0,670
for some nine2ft
we have

(awns auf
" (since R is commutative

= 067-0
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From ② and③
S is a subring of R



Suppose R is a commutative

ring without zero - divisors

show that the characteristic

of R is O or prime .

Note that we proved this
in class when R has unity .

Here we do not assume

that R has unity .

Proof by Condradiction
-

i

Suppose that the
characteristic of R is not



O or prime . Then char A- n
where n is not prime .

So nest where Ken
Cotten

By the definition of the
characteristic of R

these exist a , be R
with

sea to and t . 6*0

Then E. a) Ct .Gift) . Cab )

= h . Lah IO

so R has a Zero divisor

a contradiction .



Let x and y belong
to a commutative ring R

with prime characteristic p
⑨ show that Gay) X't yp

⑥ show that for all positive

integers n Cxtyj? XPI yen
② Find elements x andy
in a ring of characteristic 4
such that Cxtyittxhty"



⑨ By the binomial theorem

Cxtyl's E.gl?3xiyP-i
Suppose it o, p
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If into,p then both
i and p - i are

less than p

so Pti ! and Pt - is !

But pl pl . .

Therefore p divides
( Pi)

so (7) Xi y"
- i
-0 since char Rep



So @type 67×0get x'go

= yPt
XP

⑥ We prove this by
induction on n .

Base step n
-

-

- i

This is part a

Now let n> I and assume

that the result is true

for n - C



we have
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⑥ Let R -

- 24
Then char R -

- 4

Let X -- I y -
- I
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